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Abstract
One-loop Fierz identities are discussed, together with general basis transformations in Effective Field the-
ories at the tree- and one-loop level. To this end, the notion of one-loop shifts is introduced, together with
several examples that illustrate the virtues of this method.
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1. INTRODUCTION
Higher-order loop calculations often involve the notion of
Evanescent Operators (EVs) [? ? ? ? ], that are introduced in
d = 4 − 2ϵ dimensions in order to compensate for the breaking
of four-dimensional identities and to express results in terms
of physical operators. In the case where EVs are related to Fierz
identities [? ], their effects can be interpreted as one-loop shifts
to the four-dimensional Fierz identities. Such shifts were dis-
cussed for the first time in [? ], in the context of ∆F = 1 tran-
sitions and were used in several phenomenological analyses
[? ? ? ? ]. A systematic treatment of one-loop Fierz identities
was first presented in [? ], where all one-loop QCD and QED
shifts to four-fermi operators were considered. The discussion
was generalized in [? ] to include effects from dipole opera-
tors. The work in [? ? ] therefore concludes the discussion of
one-loop Fierz relations in the Weak Effective Theory (WET)
[? ] below the electroweak (EW) scale. A similar approach has
been proposed lately to facilitate two-loop running calculations
[? ]. Moreover, recent progress was made concerning various
EV bases: The complete EV basis in the ‘t Hooft-Veltmann (HV)
scheme for the WET was recently derived in [? ]. Above the EW
scale in the Standard Model Effective Field Theory (SMEFT) the
complete EV basis was presented in [? ].

A typical application of one-loop Fierz identities are one-
loop basis changes: In Effective Field Theories (EFTs) different
computations are often performed in different operator bases.
Often, the matching computation is performed in a basis that
differs from the one that is used to compute the Anomalous
Dimension Matrix (ADM) of the EFT. A common example is the
matching of Leptoquarks (LQs) onto the Standard Model (SM),
for which the matching is performed in the LQ basis, whereas
the running is known in the SM basis [? ]. At the one-loop level,
in order to combine the two results a one-loop basis change has
to be performed between the two bases.

In the following we will elaborate on the one-loop Fierz
identities and their use in one-loop basis changes. Several ex-
amples from the literature will be discussed in order to illus-
trate the approach.

2. ONE-LOOP FIERZ IDENTITIES
Fierz identities relate four-dimensional Dirac structures to each
other. A given four-fermi operator Q̃ is related to its Fierz-
transformed version Q in the following way:

Q̃ = FQ , (1)

where F denotes the tree-level Fierz transformation between
them. However, when loop effects are considered, spacetime is
promoted from four to general d = 4 − 2ϵ dimensions, in order
to regularize the divergent integrals. In general d dimensions
the Fierz relation (1) does not hold anymore, but has to be gen-
eralized to the d-dimensional case. In the traditional way this
is achieved by introducing an evanescent operator E, such that
the generalized Fierz identity reads:

Q̃ = FQ + E , (2)

The newly introduced EV E is simply defined via eq. (2), i.e.
as the difference between Q̃ and its Fierz-conjugate FQ, and
consequently vanishes in the limit d → 4. The effect of this
newly introduced EV can however be interpreted as a one-loop
correction to the four-dimensional Fierz relation in eq. (1). Us-
ing this method, instead of eq. (2), the tree-level Fierz identity
is generalized in the following way:

Q̃ = FQ + ∑
b

∑
i

αb
4π

a(b)i Qi , (3)

where the index i runs over the physical basis of the theory and
b labels different coupling constants. The scheme-dependent

factors a(b)i coincide with the contributions from evanescent op-
erators. Notice, that in eq. (3) no EV had to be introduced and
hence no enlargement of the basis is needed. The effects of the

EVs is encoded in the a(b)i factors, which only have to be com-
puted once for a given scheme. They are obtained by comput-
ing one-loop diagrams of the operator and its Fierz-conjugate
and expressing the difference between the two in terms of the
physical basis. In this calculation only the divergent parts of
the loop integrals are needed, since the finite terms are equal in
both bases and drop out in the difference.

The factors a(b)i were computed for the case of one-loop
QCD and QED corrections in [? ]. The computation was per-
formed for all possible four-quark, four-lepton and semilep-
tonic operators, including scalar, vector and tensor Dirac struc-
tures. The used basis is given by

{PA ⊗ PB, γµPA ⊗ γµPB, σµνPA ⊗ σµνPB} , (4)

with the projection operators PA,B with A, B = L, R. In [? ] sev-
eral tables for all of the operators with the corresponding QCD
and QED shifts are provided. The one-loop shifts are computed
for the Fierzed versions of the basis operators in eq. (4), which
are themselves four-fermion operators. In [? ] the computation
was generalized to the case where also dipole operators con-
tribute to the one-loop shifts, i.e. where an i-index in eq. (3)
denotes one of the dipole operators
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DB
q1q2G =

1
gs

mq(q1σµνPBTAq2)GA
µν , (5)

DB
f1 f2γ =

1
e

m f ( f 1σµνPB f2)Fµν , (6)

with f ∈ {q, ℓ}. Such contributions arise when mass effects are
considered in one-loop penguin diagrams.

The results obtained in [? ] are given in the MS-scheme and
in the generalized BMU [? ] scheme. The one-loop shifts from
dipole operators in [? ] were presented in the MS-scheme. Apart
from being scheme-dependent, the results in [? ? ] are general
and can be used for arbitrary operator bases that might differ
from the one in eq. (4). The one-loop shifts in the novel basis
are simply obtained by performing a tree-level basis change to
the bases and the shifts derived in [? ? ].

3. ONE-LOOP BASIS CHANGE
In the traditional way, basis changes at higher-orders are per-
formed by relating physical as well as evanescent operators
from two bases [? ? ]. For this purpose, various renormalization
constants like the finite renormalization constant ZEQ needs
to be computed, in order to accommodate for the scheme-
dependent contributions from the EVs mixing into physical op-
erators.

When using the one-loop shift method however, only phys-
ical operators need to be related to each other. Furthermore,
using this method it is possible to change simultaneously the
operator basis as well as the renormalization scheme. It was
shown in [? ] that in the framework of one-loop Fierz identi-
ties general one-loop basis changes can be parametrized in the
following way:

⃗̃QΣ̃;S̃ =
(
F + ∆

)
Q⃗Σ;S , (7)

where the operator basis ⃗̃Q is associated to a scheme S̃ speci-
fying the treatment of γ5, as well as scheme-dependant contri-
butions from EVs, parametrized by Σ̃, and similar expressions
for the untilded case. Furthermore, as in eq. (1) F denotes the
tree-level basis change and ∆ stands for the shift. It is given at
the one-loop level by the following expression:

∆
〈

Q⃗
〉(0)

= PQ;Σ

(〈 ⃗̃Q〉(1)
Σ̃;S̃

)
−

(
F + ϵΣ

)〈
Q⃗
〉(1)

Σ;S , (8)

where
〈
...
〉(0) and

〈
...
〉(1) denote bare tree- and one-loop ma-

trix elements, respectively. Furthermore, we have introduced
the notation

PQ;Σ M
(〈 ⃗̃Q〉(0))

= M
((

F + ϵΣ
)〈

Q⃗
〉(0)) , (9)

which for a given matrix element M denotes the replacement〈 ⃗̃Q〉(0)
=

(
F + ϵΣ

)〈
Q⃗
〉(0) at the given loop order. For further

details of the method and a general proof of eq. (8) we refer to
[? ].

4. EXAMPLES
4.1. Traces involving γ5
One example where one-loop basis changes become important
is the case where traces involving the Dirac matrix γ5 occur in

the calculation. In the NDR renormalization scheme such traces
are ill-defined and therefore lead to inconsistent results. There-
fore, in order to avoid such expressions a basis change can be
performed to a basis where such traces are absent. As an exam-
ple we consider the tensor operator

OT,RR
eu

2222
= (µσµνPRµ)(cσµνPRc) , (10)

and its one-loop contribution to the muon anomalous magnetic
moment aµ = (g − 2)µ. When closing the charm-loop and at-
taching a photon this operator generates the electric dipole op-
erator

DR
µµγ = (µσµνPRµ)Fµν . (11)

The one-loop contribution however contains the problematic
trace

Tr[γµγνγργσγ5] , (12)

which can not be evaluated in NDR. In order to be able to use
NDR, the Fierzed operator

ÕT,RR
eu

2222
= (µσµνPRc)(cσµνPRµ) , (13)

can be used, which only generates open-penguin structures
which can easily be evaluated using NDR. To obtain the final
result in terms of the initial operator OT,RR

eu
2222

a one-loop basis

change has to be considered. Combining the one-loop matrix
element of ÕT,RR

eu
2222

with the one-loop shift in [? ] one finds the

following contribution to the anomalous magnetic moment of
the muon:

a2ℓ2q
µ = −mµmc

NcQc

π2Qµ
log

( µ2

m2
c

)
ℜ
[

LT,RR
eu

µµcc
(µ)

]
, (14)

which agrees with the result in [? ].

4.2. Different renormalization schemes
In order to avoid complicated renormalization schemes it is of-
ten more convenient to do the calculation in a simpler renor-
malization scheme and subsequently perform a scheme change
to the target scheme. As an example we consider the two-loop
QCD ADM of the semi-leptonic operators

Oij
1 =

(
ψ̄iψi

)(
ψ̄j iγ5 ψj

)
, O2 =

1
2

ϵµνρσ
(
ēσµνe

)(
b̄σρσb

)
,

O3 =
Qemb

2e
(
ēσµνe

)
F̃µν , (15)

with ψi,j = e or b. In [? ] this calculation was performed in the
Larin scheme due to the appearance of trances with γ5. It is
however possible to compute the ADM in the much simpler
NDR-MS scheme, using the operator basis

Õs =
1
2

[(
b̄iγ5e

)(
ēb
)
+

(
b̄e
)(

ēiγ5b
)]

, Õ3 =
Qemb

2e
(
ēiσµνγ5e

)
Fµν

Õv =
1
2

[(
b̄iγµγ5e

)(
ēγµb

)
−

(
b̄γµe

)(
ēiγµγ5b

)]
,

Õt =
1
2

[(
b̄iσµνγ5e

)(
ēσµνb

)
+

(
b̄σµνe

)(
ēiσµνγ5b

)]
,

(16)
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The one-loop shift between the two bases and schemes is given
in eq. (8) and reads for the case at hand:

∆ = ∆SI + as∆s + av∆v + at∆t , (17)

where ∆SI denotes the scheme-independent shift and ai are
scheme-dependent constants for the respective Dirac struc-
tures. The individual shifts are given by [? ]

∆SI =


3
2 − 7

6
1
12 0

− 28
3 − 4

3 0 0
110
3

14
3 − 13

3 0

0 0 0 0

 , ∆v =


0 0 0 0

− 1
3

1
3 0 0

0 0 0 0

0 0 0 0

 ,

∆s =


0 0 0 0

0 0 0 0

− 1
12 − 1

12 − 1
24 0

0 0 0 0

 , ∆t =


0 0 0 0

0 0 0 0

1 1 − 1
6 0

0 0 0 0

 .

(18)

Combining the two-loop ADM in the NDR scheme together
with the shift in eq. (17) leads to the results in [? ]. For more
details on the calculation and renormalization procedure we
refer to [? ].

5. SUMMARY
One-loop Fierz identities have been discussed for the complete
operator basis below the EW scale in [? ? ]. The results can be
applied to arbitrary operator bases by changing the target basis
at tree-level to the bases in [? ? ]. Such one-loop shifts are use-
ful when considering one-loop basis changes as well as scheme
changes and it has been shown in [? ] that both transforma-
tions can be performed simultaneously in this framework. An
automation of the findings discussed in this letter would be of
great use for future EFT calculations. The authors plan to in-
clude the findings in the package abc eft [? ], the matchrunner
wilson [? ] as well as the basis change package WCxf [? ].
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